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Abstract

This paper derives a multivariate local Whittle estimator for the memory parameter of
a possibly long memory process and the fractional cointegration vector robust to low
frequency contaminations. This estimator as many other local Whittle based procedures
requires a priori knowledge of the cointegration rank. Since low frequency contamina-
tions bias inference on the cointegration rank, we also provide a robust estimator of
the cointegration rank. As both estimators are based on the trimmed periodogram we
further derive some insights in the behaviour of the periodogram of a process under
very general types of low frequency contaminations. An extensive Monte Carlo exercise
shows the applicability of our estimators in finite samples.

Our procedures are applied to realized betas of two American energy companies discov-
ering that the series are fractionally cointegrated. As the series exhibit low frequency

contaminations, standard procedures are unable to detect this relation.
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1 Introduction

It has been a well established fact that level shifts among many other so-called low-
frequency contaminations can be mistaken as long memory. Kiinsch (1986), Granger and
Ding (1996), Diebold and Inoue (2001) and Granger and Hyung (2004), among others,
show that various forms of low frequency contaminations such as deterministic breaks
and trends can cause spurious long memory. This leads to a bias of semiparametric
estimators for the memory parameter which mainly use these frequencies. This feature
has been used by Qu (2011) to test against spurious long memory.

However, the notion of spurious long memory is not restricted to the univariate case
but can as well be found in multivariate systems. An extension of the test by Qu
(2011) to the multivariate case relying on the same idea can be found in Sibbertsen
et al. (2018). This paper shows that working in a multivariate system can result in
efficiency gains and is therefore preferable where suitable. Multivariate local Whittle
estimation of the memory parameter has been considered in Shimotsu (2007). Robinson
(2008b) extends this to the case of possible fractional cointegration and simultaneously
estimates the cointegration vector. Two series are called fractionally cointegrated if they
have the same memory parameter and their linear combination has a reduced order of
integration (see among many others Nielsen (2007)). Neither of these two estimators is
robust against low frequency contaminations.

The aim of this paper is to provide such a robust multivariate local Whittle estimator of
the memory parameter and the fractional cointegration vector that remains consistent in
case of low frequency contaminations. Similar to the estimator of Robinson (2008b) our
proposed estimator requires a priori knowledge of the cointegration rank. This is because
local Whittle based methods need the inverse of the so-called G matrix of the spectral
density which becomes singular in the case of fractional cointegration. Christensen
and Santucci de Magistris (2010) and Kellard et al. (2015) discuss that in case of low
frequency contaminations inference on the fractional cointegration rank is likely to be
biased. For example, simultaneous breaks in the series can cause tests and estimators
to falsely indicate the series to be fractionally cointegrated.

We therefore additionally suggest a robust estimator of the cointegration rank. For this
purpose we investigate what we call spurious fractional cointegration further by gener-
alizing the definition of cobreaking in Hendry and Massmann (2007) to what we call
common low frequency contaminations. We show that low frequency contaminations
dominate the G matrix of the periodogram for frequencies close to the origin and there-
fore empirically effect among others local Whittle based procedures. Due to this domi-
nance of low frequency contaminations in the observed G matrix we find that common
low frequency contaminations spuriously indicate the presence of fractional cointegration
whereas distinct low frequency contaminations falsely indicate the absence of fractional
cointegration.

In order to obtain our estimators we use the idea of Iacone (2010) of trimming away the

contaminated frequencies. This idea is applied to provide a consistent estimator of the
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cointegrating rank of the system by proposing a trimmed version of the procedure by
Robinson and Yajima (2002) as well as to construct a robust multivariate local Whittle
estimator for the memory parameter and the cointegrating vector. All of our approaches
are spectral based and therefore semiparametric. To keep notation sparse we concentrate
on the bivariate case although an extension to higher dimensions is straightforward. As
our estimators rely on properties of the periodogram of processes with low frequency
contaminations we find it useful to additionally provide some deeper understanding of
the behaviour of the periodogram in this situation.

The paper is structured as follows. First, we provide some results for the periodogram of
a contaminated process in a rather general framework of low frequency contaminations
generalizing previously obtained results in Section 2. Section 3 formally defines com-
mon low frequency contaminations and contains our robust procedure to estimate the
cointegration rank while Section 4 has the robust multivariate local Whittle estimator.
Section 5 contains some Monte Carlo and Section 6 an empirical example. Section 7

concludes. All the proofs are gathered in the appendix.

2 The Periodogram of Spurious Long Memory Processes

In this section we obtain some properties of the periodogram for a very general class
of low frequency contaminations which are partwise needed later but are also of an
interest on its own. We therefore discuss it in more detail then necessary for our robust
estimators and see this as an additional contribution of the paper. Although the focus
of this paper is on multivariate estimation, we derive the results in this section in a
univariate setup to avoid notational complexity. We will later assume the trend process
to be independent from the noise process which means that an extension of the results to
a multivariate framework is straightforward. It further implies that effects of additional
noise components are irrelevant for the mean process so that we are only concerned with
the behaviour of the pseudo-periodogram of a time-varying mean process in this section.
For the mean process we use a very general specification allowing for deterministic mean
shifts, smooth deterministic trends and random level shifts with rare shift asymptotics
as well as random level shifts with medium rare shifts where the number of shifts tend
to infinity with sample size but with a slower rate. This model embeds many of the
processes discussed in the literature to generate spurious long memory such as the frac-
tional trend of Bhattacharya et al. (1983) or the STOPBREAK model of Engle and
Smith (1999) among many others.

The mean process that can be either deterministic or stochastic is represented by

K
pe=po+ Y Al (1 > Tp), (1)
k=1

or



K
w=po+ Y md(Tiy <t <Tq). (2)
k=0

Here, K is either a fixed number or a random variable giving the number of breaks,
T is the length of the series, 1 corresponds to the indicator function, T; denotes the
breakpoint, and ug =u; — 1/T Y, ;.

The expression in Equation (1) is a suitable representation of the mean for processes
which have a nonstationary nature. Examples include deterministic trends or mean
shifts as well as nonstationary random level shift models or the STOPBREAK model.
The model is accumulative in the sense that the break at time ¢t depends on all shifts that
occurred before ¢. It also nests a random walk. The model in (2) on the other hand has
a stationary character and seems appropriate for models such as the Markov-Switching
model or stationary random level shift models. It has a non-cumulative structure and
nests the White Noise.

In the following we denote by I(A;) = w.(A;)w

frequency A;. Here, w (A;) = \/2]TTZfT: L z¢™M is the Fourier transform of the series z; and

*

¥(A;) the periodogram of the series z; at

the asterix denotes complex conjugation. I,(A;) is then the pseudo-periodogram of the
mean process. We focus on the behaviour of this pseudo-periodogram at the Fourier
frequencies A; = @ for Aj — 0.

We now derive the properties of the induced periodogram of the process (1) and (2).

Let us first consider the case of a smooth trend A(s,T) and assume:

An(s.T)

Assumption Al. |h(s,T)|, T‘ < oo, forse[0,1].

We have the following Lemma:

Lemma 1. If y, = h(t/T,T), under Assumption A1 we have

T Von(s,T) . . ]
L) ~ o { { /0 (Bs) sin(2n ,s)ds]

+ [/01 ah(aS;T)(l —COS(ZTCjS))dS]Z}.

Since the integrals in Lemma 1 are functions of j (and possibly T), it can be seen

that the exact rate of the periodogram I,(A;) depends on the derivative of the trend
function. Therefore, if the trend function is known and the integrals have a closed form
solution, it is possible to determine the exact order. If this is not the case, we can still
recover the upper bound on the rate of decay for increasing j that was established by
Kiinsch (1986), Qu (2011), and Iacone (2010). To see this, note that sin(2mjs) < 1 and
1 —cos(2mjs) <2 for all j and s. It therefore follows immediately for g, = h(s,T) = h(s)
that the periodogram is I,(A;) = O(T j—2).

We now turn to the behavior of the periodogram of abrupt level-shift processes. To
simplify the exposition, let {; denote either Ay or yy, depending on whether the accu-

mulative structural-change model (1) or the non-accumulative model (2) is considered.

-3



To characterize the behavior of different groups of processes, we require different groups

of assumptions. First, in the case of deterministic structural breaks, we assume:

Assumption A2. |{;| < and the & = T;/T are deterministic with 0 < & < 1, for
k=1,...K <oo.

For stochastic level shifts we require the following assumptions.
Assumption A3. E[{;] =0 and Var[{] = 63T P, for some 0 <B <1 and 0 < 6% < oo.

Assumption A4. P(t € {Th,...,Tx}) = pi, where 0 < p; <1, and E[p;] = pT~%, for
some 0 < o< 1. Furthermore, the dependence in p; is limited such that E[K]| = pTI—%,
E[(Ti—Tieh)/T)?] = %?TZ(“*U, and E [((Ty — Tre1)/T)*] = O(THO), for some 0 <
P,D < oo.

Assumption A5. p; is independent of C for allk=1,....K andt=1,...,T. Additionally,
Yo |E[GCi_1]| = Var[G]C, for k=1,2,..., and 0 < C < oo.

The rate T~P in Assumption A3 is required to nest a number of mean-change processes
from the literature, such as the STOPBREAK process of Engle and Smith (1999). For
other processes setting p =0 gives the familiar setup with non-degenerate breaks.
Assumption A4 imposes a structure on the nature of the mean change process. The
nature of the dependence in p; is restricted by the additional requirement that the
expected squared length of the kth regime expressed as a fraction of the sample is
;—?Tz(o‘_l), which means that the second moment of the regime lengths is still of the
same order as that of a geometric distribution. In this context, the constant D depends
on the dependence in p;, and it is equal to one, if p, =p forallt=1,...,T.

Since there are T observations in the sample, the expected number of mean shifts in
the series is E[K] = pT'~*. The parameter o controls the asymptotic frequency of level
changes. The expected number of shifts remains constant for a = 1, whereas it goes
to infinity for oo < 1. The first case (o = 1) is referred to as rare shifts asymptotics
or low-frequency contaminations. We refer to the second case (o < 1) as intermediate-
frequency contaminations. Here, we have K — o but K/T — 0, as T — . That means
we asymptotically have an infinite number of shifts, but also an infinite number of
observations between shifts. Finally, for oo > 1 shifts are so rare that we will no longer
observe any in a sample, asymptotically.

Even though it may seem unusual to tie the properties of the process to the sample size,
this is a common approach in the related literature. Guégan (2005) refers to this practice
as a thought experiment. The validity of this approach depends on the purpose of the
analysis. Obviously, it is unreasonable to assume that structural changes will become
less common in the future if the objective is to forecast a time series. On the other hand,
if the objective is statistical inference based on a given sample, we argue that assuming
that the frequency of structural change is tied to the sample size T can be thought of as
an asymptotic framework that is better suited to approximate the statistical properties

of the quantities of interest than keeping p fixed. The latter would imply, for example,
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that level changes are so frequent that the mean between two shifts cannot be estimated
consistently.

Finally, we require some bound on the degree of dependence between the means or mean
changes {; in consecutive segments. This is imposed by Assumption A5 according to
which the autocovariance function of the {; has to be absolutely summable. We then

obtain the following result.

Lemma 2. Denote by x >0 a finite constant and by |xr| <1 a sequence of constants.

Then, for j/T — 0 and level-shift processes characterized by (1),

i.) L(Aj) ~ #K, under Assumption A2.

=r2—a—p ~
ii.) E[L(\j)] ~ % (1 +KTC), for o <1, and under Assumptions A3, A4, and
Ab.

Lemma 2 establishes the properties of the periodogram of the accumulative mean-change
process in (1). The first case i.) derives the growth rate of the peak near the origin and
the rate of decay for frequencies further away from the zero frequency for a determin-
istic structural break process. This order was previously established by McCloskey and
Perron (2013). Interesting is the contrast to case ii.), where rare random level shifts are
considered. In contrast to i.), the periodogram becomes stochastic instead of determin-
istic. Furthermore, the scaling factor 7P influences the scaling of the peak local to the
origin, which is of order T'~P instead of T. In i.) the periodogram is a deterministic
function. In ii.) there is a well defined expectation and the process is not ergodic for
o = 1, the expected number of shifts in the sample is always given by E[K] = p. The case
of o < 1, on the other hand, covers intermediate frequency contaminations, so that the
expected number of shifts is E[K] = pT'~* and the process is ergodic. In this situation,
the scaling of the peak near the origin is determined by both — o and . Since o < 1,
the growth rate is always faster than that in case i.) and for o= 1. The rate of decay
for increasing j, however, is the same for all three types of processes.

Similar results to these can be obtained for the non-accumulative mean-change process
in (2).

Lemma 3. Denote by ¥’ >0, |kp| <1, and Kpy, a finite constant, a sequence of con-
stants, and a sequence of positive valued random variables with constant expectation and

finite variance, respectively. Then, for j/T — 0 and level-shift processes characterized

by (2),

i.) I,(Aj) ~ ﬁk’, under Assumption A2.

2 <l P
ii.) L, (Aj) ~ %Klnw for a=1, and under Assumptions A3 and AJ.

iii.) E[I,(\j)] ~ %?T“*B (1 +1<’TC‘), for a < 1, and under Assumptions A3, A4, and
Ab.
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Figure 1: Average rescaled periodogram for accumulative and non-accumulative processes with
intermediate frequency contaminations. In the left plot the simulated DGP is gy = g, +mm, and
in the right plot it is g = (1 — m )—1 + TM,. In both cases m, ~ B(p), p=5/T%, and n, ~ N(0, 1).

As one can see, the orders for cases i.) and ii.) in Lemma 3 are identical to those in
Lemma 2. This means that accumulative and non-accumulative structural change have
the same impact on the periodogram local to zero, as long as the mean changes are
deterministic or rare. In contrast to that, the case o < 1 is remarkably different and
needs to be treated separately. In presence of intermediate frequency contaminations,
when the process becomes ergodic, the order of the peak is reduced to TP, instead
of T?-%B. Furthermore, the peak local to zero no longer decays for increasing j. This
is a behaviour similar to a white noise reflecting the stationary structure of the non-
accumulative approach.

Important special cases of both the accumulative and the non-accumulative process are
obtained for o = 0. In this case the accumulative process boils down to a unit root
process and the non-accumulative process becomes a simple stationary short memory
process. In this situation, case ii.) in Lemma 2 and iii.) in Lemma 3 reduces to the
well known result that the periodogram of the unit root process local to the origin is of
order Op(T?/j*) and that of the short memory process is Op(1).

The precision of the statements in case iii.) of Lemmas 2 and 3 in finite samples is inves-
tigated in a small Monte Carlo study. The results are shown in Figure 1. As examples for
accumulative and non-accumulative structural-change processes with intermediate fre-
quency contaminations, we simulate the random level-shift process yy = ;1 + mm; and
its stationary counterpart g = (1 — @ )u—1 + M. In both cases m, ~ B(p), p=5/T%,
and 1, %N(O, 1).

To analyze the accuracy of the asymptotic approximations in Lemmas 2 and 3, we
calculate the average periodogram from 5,000 realizations of the respective process for
different sample sizes and standardize it with the rate implied by the theorems. The
resulting rescaled averaged periodogram is expected to be flat, if the theorem applies.
Since the results are obtained under the assumption that j/T — 0, it can be expected
that the accuracy of the approximation is decreasing in j. On the left-hand side of Figure

1, it can be seen that the asymptotic approximation for accumulative structural-change
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processes in Lemma 2 ii.) with o < 1 is precise for small as well as for larger samples.
On the other hand, the plot on the right-hand side of Figure 1 shows that the results in
Lemma 3 for non-accumulative structural-change processes hold up well in finite samples
for o = 0.3, but the approximation seems to be much more imprecise for oo = 0.7.

The explanation for this effect can be seen from (19) in the proof of Lemma 3, where
the first term of order O(T“*B) is the dominating one that drives the asymptotic result,
but there is an approximation error of order O(T*2+3°‘*ﬁ), whose impact vanishes only
slowly if o is relatively large.

Nevertheless, it can be seen that the average rescaled periodogram converges to its

predicted value as T increases.

3 Robust Fractional Cointegration Rank Estimator

In this section we first provide evidence that existing semiparametric estimators and tests
for the fractional cointegration rank are biased in case of low frequency contaminations.
We then derive our robust fractional cointegration rank estimator as an extension of the
rank estimator by Robinson and Yajima (2002).

Point of departure is a vector valued long memory process y; with low frequency contam-
inations. For expositional simplicity we focus on a bivariate system, i.e. y;, = (yat,ybt)/,

extensions to higher dimensions are straightforward. The process under investigation is

Ve =X + Wy, (3)

where y = (g, ,ub,), is a bivariate low frequency contamination process that is indepen-
dent of x;, and where for u, and uy either of the Assumptions A1, A2, or A3 with B=0
holds. Moreover, x; = (xa,,sz), is a bivariate long memory process whose spectral density

matrix f(A;) at frequency A; fulfills

F(hj) ~ Aj(d)GAG(d), (4)

where Aj(d) = dzag(?»‘ @l(T=1j)da/2 A b oi(m=1))ds/2) with i = \/—1 and d = (d,,d),) are the
memory parameters. Further, A ~ B denotes that A/B — 1, as A — 04 and A* denotes
the complex conjugate of A.

As shown in Marinucci and Robinson (2001), the matrix G, is positive definite if and only
if x; is not (fractionally) cointegrated and it becomes singular otherwise. Consequently,
by estimating the rank of the G, matrix we can investigate whether the time series are
(fractionally) cointegrated as suggested by Robinson and Yajima (2002). However, if
instead of the pure memory process we observe a contaminated process such as (3), then
our estimate of the rank will be based on G, which comprises the influence of G, and
G,

To illustrate this, note that the periodogram as an estimate of G, is given by I,(A;) =

Li(Aj) + Le(Aj) + L (Aj) + L(Xj), where L (Aj) = wu(Aj)wi(X;) and Ly () = wa(Xj)wi (D))

X
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are the cross-periodograms of y; and x;, so that E[I,(A;)] = E[I,(Aj)] + E[I«(A;)] if x; and
4y are assumed to be independent.

For the long memory component it holds that E[I(A;)] = (% Gy as j/T — 0.

The properties of E[I,(A;)] can be derived based on our results presented in Section

) 2max{dy,dp}

2. Here we are interested in the empirically relevant situations of a smooth trend, a
deterministic break or a random level shift process with rare shifts. These low frequency
contaminations can be distinct, i.e. each series faces different contaminations, or they can
be common as discussed in Hendry and Massmann (2007). Their definition is limited
to contemporaneous mean cobreaking, i.e. common deterministic structural changes.
Furthermore, their definition refers to changes relative to some initial parametrization,
so that processes with a stable monotonous trend for example are not included. We

therefore propose the following slightly modified definition:

Definition 1 (CLFC). The bivariate process y, in (3) has common low frequency com-
ponents if there exists a 2 x 1 matriz ® #£ 0,1 , such that ® (u, —uy) =0 for allt=1,...,T.

Now we are able to derive the order of the expected pseudo-periodogram of the trend

process.

Theorem 1. Suppose y; is generated by (3) and j/T — 0 we have

and G, has rank 1 if and only if y; is a common low frequency component according to
Definition 1.

It is obvious from the rate in the theorem that the G, matrix dominates the G, matrix
for low frequencies while the G, matrix is the dominating one for higher frequencies.
If we now observe time series which are not fractionally cointegrated but exhibit joint
breaks, then the estimator by Robinson and Yajima (2002) might spuriously identify a
fractional cointegration relation since the G, matrix is singular. On the other hand, if
we observe fractionally cointegrated time series which exhibit distinct breaks, then the
same estimator might wrongly identify no fractional cointegration relation since the G,
matrix has full rank. These problems do not only arise for the estimator by Robinson
and Yajima (2002) but for all existing semiparametric estimators and tests concerning
the fractional cointegration relation since all of them use the G, matrix in some form.
We will demonstrate this by simulations in Section 5. It should further be noted that
testing the homogeneity of fractional difference parameters as suggested by Robinson
and Yajima (2002) is also not possible in the case of low frequency contaminations. This
is due to two reasons. First, the estimates of the memory parameter will be biased when
using the standard local Whittle estimator. This issue can be overcome by considering
a robust estimator such as those by Iacone (2010), McCloskey and Perron (2013) or
Hou and Perron (2014). However, the test statistics also includes an estimate of the G,

matrix which is based on the first m; frequencies. In the case of joint breaks this matrix
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might be estimated to be singular letting the statistics converge to zero no matter if the
order of integrations are truly equal.

Let us now introduce an approach to estimate the G, matrix consistently also in the
case of low frequency contaminations. We know from Theorem 1 that the G, matrix
only dominates for the low frequencies. If we trim these away then we can estimate the
rank of the G, matrix without distortions no matter if low frequency contaminations
are present or not. We first show that the estimated G, matrix trimmed by the first
frequencies converges to the estimated G, matrix. For this purpose we need to introduce

the following assumptions.

Assumption B1. [t holds that
Xt — E[x,] = A(L)E, = Z Ajet_j,
Jj=0

with Y7o |A;||?> < oo and ||-|| denotes the supremum norm. It is assumed that E[&|F,—1] =
0, E[S,SQ]&_I] =1, a.s. fort=0,£1,%2,... where §; denotes the o-field generated by €
and 1, is an identity matriz, s <t. Furthermore, there exists a scalar random variable €
such that E[e?] < o and for all T >0 and some C > 0 it is P(||g/||* > 1) < CP(¢? > 1).

Assumption B2. As T — oo,

l mi
—+—=—=0
m1+T ’

where [ is a trimming parameter with | = max(1,[c;T¥]) and my = max(1+ 1, [c,y, TO)) is
the bandwidth parameter with 0 <& < &, <1 and c;,¢pm, € (0,00).

Let us further assume for the moment that the order of integration is known and denote
A mi
Gy(d,1,my) = (mi —1+1)"" Y. Aj(d)L(A;)A}(d)
=1

(1 1) Y AR + (m— 14 1) Y AL A )
j=l j=l

om0+ 1) Y A )AL ) + (my— 1+ 1) Y A (@) ()AL ()
j=l j=l

m
and  Gy(d,l,m) = (m —1+ 1)_1 ZAj(d)Ix(kj)Aj-(d).
=l

Theorem 2. Suppose y, is generated by (3) and Assumptions B1 and B2 hold, using
my =T andl=T% for some 0 <& <y, <1, and for T — oo,

Gy(d,l,ml) £> Gx(d, l,ml),

if either
i) l=1and d0+d)>1, orl=1,d+d) <1, and §,, >1—d°—d).
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i.) d2+d)<1,1=0 (T(dé)*dg*l)/(dt?*dg*z)*”) for some v >0, and (d2+d) —1)/(d° +
dy) =2)+ < ((da = dg) + (dp = dy) + 8 ) /((da = dg) + (dp = ) +1).

Here and in the rest of the paper the superscript 0 denotes the true value of a parameter,
for example dg is the true memory parameter of series a.

The first part of the theorem shows that for nonstationary long memory processes the
long memory component always dominates the mean component and no trimming is
needed. Here, we can use the procedure by Nielsen and Shimotsu (2007) to determine
the fractional cointegration rank even when low frequency contaminations are present. In
the case of stationary long memory, however, this is not the case. Here, the second part
of the condition gives the frequency from which onwards the long memory component
becomes dominant. This depends on the true order of integration which we assumed to
be known so far. If this is not the case a feasible choice would be to trim away [ = v/T
frequencies. We could also estimate d using univariate approaches that are robust to
low frequency contaminations and then choose [ based on these estimates. However,
unreported simulations indicate that setting I = /T yields superior results.
Nevertheless, we still have to estimate d for determining Gy(d,l ,mp). For this purpose,
we need an estimator that is robust to low frequency contaminations and converges with
a rate of logm which is the standard rate for semiparametric estimators. Moreover, as
discussed in Robinson and Yajima (2002) and Nielsen and Shimotsu (2007) we cannot
rely on multivariate estimators since these require knowledge of the cointegration rank
and we require an estimate of d that converges faster than the estimate of G such that
the effect of estimating d vanishes asymptotically. Possible estimators are those of Iacone
(2010), McCloskey and Perron (2013) or Hou and Perron (2014). Denote the bandwidth

for estimating d by m for which the following assumption holds.

Assumption B3. For any ¢y >0

m}/Z*WTw m1+2\yl0g(m)2
ml/2 T2v

— 0, as T — oo.

Theorem 3. Suppose y, is generated by (3) and Assumptions B1 to B3 hold and let
d(m)—d°® = o(logm), then

Gy(d(m),l,my) % G (d,1,my).

Theorem 3 in conjunction with 2 ii.) and Proposition 3 of Robinson and Yajima (2002)
implies that G can be estimated consistently and G, (d(m),l,m;) is asymptotically Gaus-
sian given the additional assumptions made in Robinson and Yajima (2002). Note
that these assumptions restrict the series to be stationary. This might seem restrictive
but as discussed before for nonstationary series low frequency contaminations are not
troublesome such that the standard extension by Nielsen and Shimotsu (2007) can be

considered.
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We can then follow the route of Robinson and Yajima (2002) to estimate the fractional
cointegration rank of the series. For the sake of completeness we will briefly outline the
steps.

We can test whether two series have equal memory using

)
o)) /2 +n(T)’

. m1/2( Aa
a

Trre = = -
(1/2(1 - G2, /(GaaGa

where G, are the respective elements of the estimated matrix Gy (d(m),l,m), d, and dj,
are estimated using a robust estimator as discussed above, and n(T) > 0. Consistency
of the test follows under the same additional assumptions as in Robinson and Yajima
(2002).

If the test indicates the two series to have equal memory we can then determine whether
they are fractionally cointegrated by estimating the fractional cointegration rank. To
do so denote by g1 the first eigenvalue of G,(d(m),l,m;) and let §; c denote its em-
pirical counterpart. If rank(A) = 2 we have g1 4 > g24 > 0 whereas for rank(A) =
1 it is g14 > g24 = 0. Define furthermore 6, =Y ,¢i¢ and N(T) > 0 such that
N(T) +m1_]/2N(T)_1 — 0 as T — o we can estimate the fractional cointegration rank

by minimizing the loss function

Lu)=N(T)2—u)—62-40-

The estimator for the fractional cointegration rank is

Fgrre = argmin,—o 1 L(u).

Again, consistency of this estimator follows directly from Robinson and Yajima (2002)

given the same additional assumptions.

4 Robust Multivariate Local Whittle Estimator

After determining the fractional cointegration rank we aim to estimate the cointegration
vector and the memory parameter robust to possible low frequency contamination. In
this section we obtain a robust local Whittle estimator for the parameter 8 containing
of the memory parameters d = (d,,dp) and the possible cointegration vector f.

It should be mentioned that our robust local Whittle estimator depends on the a priori
specified fractional cointegration rank as much as the original local Whittle estimator
in Robinson (2008a). The cointegration rank is needed to know the dimension of the
parameter to be estimated. It does not enter the estimation procedure as a nuisance
parameter. Therefore, we see the estimation of the cointegration rank in a first step
as part of the model specification procedure and find the assumption of a known coin-
tegration rank when it comes to parameter estimation justified. The same assumption
is implicitly used by Robinson (2008a) and Shimotsu (2012) and is therefore standard
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in the literature. A short Monte Carlo analysis underpinning this can be found in the
Online Appendix.

The expectation of the periodogram of the contaminated multivariate long memory
process has an additive structure. Consequently, a robust multivariate local Whittle
estimator can be constructed in a similar fashion as for the fractional cointegration
rank estimator, i.e. by trimming away the frequencies dominated by the low frequency
contamination. Our estimator is then based on the univariate trimmed local Whittle
estimator by Iacone (2010). In Section 2 we showed that Op(T j~2) is an upper bound for
the pole of the periodogram at the zero frequency for a fairly general class of processes.
Therefore, trimming the periodogram by the first [ = /T frequencies eliminates the
influence of the low frequency contaminations and leads to a robust estimate of the
memory parameter.

We aim to estimate the parameter 6 = (d, B)/, where we restrict the series to be station-
ary, i.e. —1/2 <d,,dp < 1/2. As discussed in Section 3, for nonstationary time series
trimming is not needed. Our trimmed multivariate local Whittle estimator is defined
by the objective function using here and in what follows the superscript tri to indicate

the trimmed version

A 1 n
R(6) =1 Q'"(0) —2(d, — ) 1 ;
(0) =logdet Q" (8) —2(d, +db)m—l+1 Z] ogA;

Jj=

with
. 1 m . /
Q"(0) = ——— Y Re[A;j(d)BI'"(A;)B A
(8) m_l_HjZ:l e[Aj(d) v (A)) j(d)]
and
1 —
B B
0 1
It is

A

0 = argminR(9).
To show consistency of this estimator we need to make the following assumptions.

Assumption C1. As A — 0,

Fran(%) = exp (im (d) — df) /) A% G0, = 0 (A7)
where frqp and Gygqp are the respective element of the matrices fy and Gy of x;.
Assumption C2. Assumption B1 holds.

Assumption C3. In a neighborhood (0,a) of the origin, A(A) = Z;’:OAjem is differen-
tiable and
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9
oA
where 4A(N) is the a-th row of A(L).

AN =0 A AN, A= 04,

Assumption C4. As T — oo,

I m
—+=—=0
m+T ’

where 1 is a trimming parameter with | = max(1,[c;T%]) and m = max(I + 1, [c,,T]) is
the bandwidth parameter with 0 < & < 8, < 1 and ¢;,cpm € (0,00).

Assumptions C1, C2, and C3 are analogous to Assumptions Al to A3 of Lobato (1999)
respectively Assumptions 1 to 3 of Shimotsu (2007) and Assumption C4 corresponds to
A4 of Shimotsu (2007). We furthermore denote in what follows v = dj — dY.

Theorem 4. Suppose y, is generated by (3) and Assumptions C1 to C4 hold with the
trimmaing parameter | = VT it is

d-d® %0,  B=p'+op <<’;)VO>

As usual, the assumptions required to prove the normality of the estimator are somewhat

stronger than those needed for consistency. Here, we assume

Assumption D1. For € (0,2] as A — 04

Fran(®) = exp (i (=) (df = df) /2) A48 Y, = 0 (A--8+L)
Assumption D2. Assumption Bl holds and in addition, it holds for a,b,c,d = 1,2,
t=0,4+1,42,... that

E(£at£bt£ct|§t—l) = Mabc a.s.

and

E(€ar€p€er€ar|Si—1) = Mabed a.s.,
where |Ugpe| < oo and |Ugpea| < oo.
Assumption D3. Assumption C38 holds.

Assumption D4. As T — o it holds for any T >0

l 1+2‘Cl 2 losT
m" = (logm)? logT

m T2’c mt

0.

Assumption D5. There exists a finite real matriz Q such that

Aj(d®)TAN) = 0 +o(1), A — 0.
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These assumptions allow for non-Gaussianity. Assumption D1 and D5 are satisfied by
multivariate ARFIMA processes. Assumption D4 is necessary for the Hessian of the
objective function of the local Whittle function to converge. It should be mentioned
that Assumption D4 gives a sharp upper bound for the number of frequencies m which
can be used for the local Whittle estimator. It is m = o(T%8).

For the estimator we obtain the following results.

Theorem 5. Suppose y; is generated by (3) and Assumptions D1 to D5 hold with T — oo
and At = diag(?u;lvo, 1,1), then

VmAr(6—-6°) 5 N(0,Z )

with Zgq = 20[(1-2V") "1 — (1-V")2c05*(F)|Gpp/Gaas Zap = Z21 = —2fv° (1 V) "2cos(F)
Gab/Gaa+ (1/2)20(1 —V0)~ Sln(YO ) ab/Gaa , B3 =E31 = Eab; Epp =833 =4+ (n?/4—
1)2ip?, p = Gap/(GaaGrp)'/?, = (1—p>)"" and P = (n/2)V°

Consequently, the estimator is consistent and asymptotically normal with the same
limiting variance as the GSE estimator in Robinson (2008b). We can therefore robustify
the estimator without an asymptotic loss in efficiency. If G, =0, the estimator is reduced

to the standard multivariate estimator of Robinson (2008b).

5 Monte Carlo

In this section we show the behavior of our proposed methods in finite samples by means
of a simulation study. We first investigate the behaviour of our robust fractional coin-
tegration rank estimator and then consider the robust local Whittle estimator. Our
framework as stated in Section 2 allows for various forms of low frequency contamina-
tions. For the ease of the presentation we present results for nonstationary random level
shift processes with rare shifts in the following as this seems to be the empirical most
relevant case and move the qualitatively similar results for stationary random level shift
processes and deterministic trends to Tables OA.1-OA.6 in the Online Appendix.

The bivariate stationary long memory process with random level shifts considered in the

following can be delineated as

Yar = Capty + & +x+ (1 = L)~y (5)
Yor = Cotts + X, (6)
with
He = U1 + Ty, , ~B(5/T), n: ~N(0,1), (7)
ﬂt::&t71+ﬁtﬁta ﬁtNB(S/T), ﬁtNN(Oal)a and (8)
1
Xt = (1 _L)_detv “ ~N 07 ! : (9)
Ur r 1
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Here, L is the usual lag operator such that (1 —L)¥ =Y, (Z)(—l)kLk, with (i) =
d(d—1)(d—2)...(d—(k—1))
3

breaks and joint structural breaks.

. This model allows for fractional cointegration, distinct structural

We present results for orders of integration of d =0.2,0.4. Concerning the fractional
cointegration component, we investigate the case of no fractional cointegration with
d =0 and the case of fractional cointegration with d = d and the cointegrating vector
being p = (1,—1)".

Concerning the low frequency contamination component, we investigate the situations
of no low frequency contaminations, i.e. {, ={, =& =0, of distinct structural breaks, i.e.
. =0but {, =& =1, and of joint breaks with {, ={, =1 and { =0, i.e. the cobreaking
vector is given by y= (1, —1)/. Break sizes are random with mean zero and variance one
and they occur with probability 5/7T. This means that on average there are five breaks
in the sample.

We further present results for series whose errors are cross-sectionally uncorrelated (r =
0) and for series whose errors are cross-sectionally correlated with r =0.5. Finally, we
consider sample sizes of T = 250,1000 and all presented results are the averages over

5,000 replications.

5.1 Fractional Cointegration

We first consider the results for the estimation of the fractional cointegration rank. To
put the performance of our estimator into perspective and to validate our claim in Section
3 that all existing procedures to identify fractional cointegration are seriously distorted
for processes with low frequency contaminations, we also consider the performance of
all other procedures applicable when the series exhibit stationary long memory. This
includes the fractional cointegration rank estimator by Robinson and Yajima (2002)
(RY02) and the fractional cointegration tests by Chen and Hurvich (2006) (CHO06),
Robinson (2008a) (R08), and Souza et al. (2018) (SRF). Parameter values are all chosen
according to the authors recommendation. Note that RO8 requires r > 0 so that we do
not report results for r =0

For our robust estimator, abbreviated TRE in the table, we need to choose [,m,m,N, and
the type of robust univariate estimator. Unreported simulations indicated that [ = 797,
m=T%3 m; =T N=m"2 and the univariate estimator by Iacone (2010) yielded
the best trade-off between correctly and spuriously identifying fractional cointegration
in our simulations. We therefore show the results for this parameter combination in the
following and recommend it to be considered in empirical applications.

The results can be found in Table 1. In the table "NO” indicates no low frequency
contaminations, "DIS” means that the series exhibit distinct breaks, and "COB” refers
to joint breaks. Furthermore, "TRUE” means that the series are fractionally cointe-
grated whereas "FALSE” indicates that they are not. We then state the mean estimated
cointegration rank for the rank estimators, which should be 1 for "TRUE” and 0 other-
wise, and the mean rejection rate for the tests, which should be 1 for "TRUE” and 0.05
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cointegration TRUE FALSE

r d T breaks TRE RY02 CH06 RO08 SRF TRE RY02 CH06 RO08 SRF
NO 1.00 0.99 0.29 - 0.09 0.00 0.00 0.16 - 0.00
250 DIS 096 0.35 0.24 - 010 0.00 0.00 0.51 - 0.16
COB 1.00 1.00 0.81 - 0.66 0.00 0.02 0.75 - 037

0.2
NO 1.00 1.00 0.63 - 029 0.00 0.00 0.18 - 0.00
1000 DIS 0.99 023 044 - 054 0.00 0.00 0.63 - 061
COB 1.00 1.00 097 - 092 0.00 0.00 0.90 - 0.72

0

NO 1.00 1.00 0.80 - 039 0.00 0.00 0.23 - 0.00
250 DIS 098 0.68 0.18 - 010 0.00 0.00 0.38 - 0.04
COB 1.00  1.00  0.93 - 071 0.00 0.00 0.52 - 010

0.4
NO 1.00  1.00 1.00 - 0.9 0.00 0.00 0.19 - 0.01
1000 DIS 1.00 0.78  0.22 - 042 0.00 0.00 0.41 - 013
COB 1.00  1.00 1.00 - 098 0.00  0.00  0.57 - 0.22

NO 1.00  1.00 0.18 0.01 0.10 035 0.07 0.08 0.09 0.01
250 DIS 1.00  0.59 0.15 0.87 0.03 0.26  0.03 0.39 0.62 0.11
COB 1.00  1.00 0.60 0.01 0.55 047  0.53 0.68 0.27 0.45

0.2
NO 1.00 1.00 046 0.14 0.25 0.01  0.00 0.07 0.08 0.01
1000 DIS 1.00 050 034 097 0.21 0.01 000 055 076 0.54
COB 1.00 1.00 092 0.08 0.88 0.03 009 083 067 0.77

0.5

NO 1.00 1.00 0.62 0.03 0.34 0.35 0.08 0.10 0.10 0.01
250 DIS 1.00 0.83 0.10 0.68 0.03 026 003 026 042 0.03
COB 1.00 1.00 0.82 0.03 0.60 046 034 038 0.08 0.15

0.4

NO 1.00 1.00 099 0.60 0.83 0.01  0.00 0.07 0.08 0.01
1000 DIS 1.00 0.88 0.16 0.79 0.16 0.01 0.00 030 0.51 0.10
COB 1.00  1.00 1.00 0.54 0.95 0.02 002 043 020 0.30

Table 1: Mean estimated fractional cointegration rank for a bivariate fractionally integrated
system. The DGP is based on Equations (5) to (9). In case of fractional cointegration p=(—1,1)’
and b =d. Break sizes are random with mean zero and variance one, they occur with probability
5/T, and in case of joint breaks y=(—1,1)". Our estimator is considered with [ = 795 m =717,
my =T% N= m1—0.27 and the univariate estimator by Iacone (2010) to estimate d and for the
procedures by Robinson and Yajima (2002) (RY02), Chen and Hurvich (2006) (CHO06), Robinson
(2008a) (R08), and Souza et al. (2018) (SRF) parameter values are chosen according to the
authors recommendation.

(the significance level) otherwise as all of the procedures test the null of no fractional
cointegration.

Table 1 shows that our procedure works well for all of the considered scenarios. It
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correctly identifies fractional cointegration respectively no fractional cointegration in
most of the cases. In Section 3 we mentioned that two scenarios are of particular
importance, the case when no fractional cointegration is present but joint breaks, as
standard procedure might spuriously indicate fractional cointegration, and the case of
fractional cointegration but distinct breaks, as standard procedure might have problems
detecting the fractional cointegration relation in this case. The table shows that our
estimator works well in both cases with minor distortions for the first case in a small
sample size of T =250. When increasing the sample size these vanish completely. In
contrast to this, all other procedures show problems in at least one of the two cases.
In the first case, the rejection rates of CH06, RO8 (for r = 0.5), and SRF increase
with increasing T implying that asymptotically the tests will always indicate fractional
cointegration in the case of joint breaks, no matter if the series are truly fractionally
cointegrated. RY02 has serious problems in the second case where at least for d =0.2 the
estimated cointegration rank decreases with increasing T implying that asymptotically
the estimator will always indicate no fractional cointegration in the case of distinct
breaks, no matter if the series are truly fractionally cointegrated.

Consequently, there is a risk in empirical applications that these procedures miss a
fractional cointegration relation due to structural breaks or falsely indicate a fractional
cointegration relation due to joint breaks in the series. In contrast, our procedure delivers
the required robustness to correctly detect whether fractional cointegration is present in
the case of low frequency contaminations while also performing well in the case that they
are not. Here, the results are comparable to those achieved by RY02 which outperforms
all other procedures in this setup.

The table further reveals that the performance of our estimator does not depend on
d. In contrast, the performance of the other estimators improves when increasing d as
implied by Theorem 2.

Lastly, it can be seen that when introducing cross-sectionally correlated errors the likeli-
hood of all procedures, except R08, to indicate the two time series as fractionally cointe-
grated increases. However, the ranking of the procedures and therefore the advantages

that our estimator has in comparison to the other approaches stays the same.

5.2 Order of integration

After providing evidence that we can robustly determine the fractional cointegration
rank also in small samples, we now focus on robust estimation of the memory parameter.
We consider the same DGPs as before and again use m = T%7 and I = 7% for robust
estimation. Furthermore, we state the results for the standard multivariate estimator
by Shimotsu (2007) and Robinson (2008b). For comparison, we assume the fractional
cointegration rank to be known. Tables OA.7 and OA.8 in the Online Appendix show
the qualitatively similar results when first estimating the fractional cointegration rank
and then estimating the order of integration.

Table 2 has the bias and RMSE of the estimators when no fractional cointegration is
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Estimator TMLW GSE
r d T Dbreaks d] d2 d] dz d] d2 dl dz
NO -0.03 -0.02 0.19 0.20 -0.02 -0.02 0.08 0.08

250 DIS 0.02 0.01 0.20 0.20 0.18 0.18 0.22 0.22
COB 0.01 0.01 0.19 0.20 0.17 0.17 0.20 0.20

0.2
NO  -0.02 -0.01 0.09 009  -0.0l -0.01 0.04 0.04
1000 DIS 0.01 0.0l 0.09 0.09 017 0.7 0.19 0.19
COB 0.01 0.0l 0.09 0.09 0.16 0.16 0.18 0.18
0

NO  -0.04 -0.04 020 020  -0.02 -0.02 0.08 0.08
250 DIS  -0.01 -0.01 0.19 0.20 0.08 0.08 0.12 0.12
COB  -0.01 -0.01 0.19 0.19 0.07 0.07 011 0.11

0.4
NO  -0.02 -0.02 0.09 009  -0.01 -0.01 0.04 0.04
1000 DIS  -0.01 -0.01 0.09 0.09 0.06 0.06 0.09 0.09
COB  -0.01 -0.01 0.09 0.09 0.06 0.06 0.08 0.08
NO  -0.02 -0.02 0.15 015  -0.0l -0.02 0.06 0.07
250 DIS 0.03 0.03 0.16 0.16 0.20 020 0.23 0.23
COB 0.00 0.00 0.15 0.15 013 0.3 0.17 0.17

0.2
NO  -0.01 -0.01 0.07 007 -0.01 -0.01 0.04 0.04
1000 DIS 0.02 0.02 0.08 0.08 019 0.9 021 021
COB 0.00 0.00 0.07 0.07 013 0.13 015 0.15

0.5

NO  -0.04 -0.04 016 016  -0.02 -0.02 0.06 0.07
250 DIS 0.00 0.00 0.15 0.15 0.09 0.09 013 0.13
COB  -0.02 -0.02 0.15 0.15 0.05 0.05 0.09 0.09

0.4

NO -0.02 -0.02 0.07 0.07 -0.01 -0.01 0.04 0.04
1000 DIS 0.00 0.00 0.07 0.07 0.07 0.07 0.09 0.09
COB -0.01 -0.01 0.07 0.07 0.04 0.04 0.07 0.07

Table 2: Bias and RMSE of our trimmed multivariate local Whittle estimator and the standard
multivariate local Whittle estimator in a bivariate fractionally integrated system. The DGP is
based on Equations (5) to (9). Break sizes are random with mean zero and variance one, they
occur with probability 5/7, and in case of joint breaks y= (—1,1 )/. Moreover, we use m = T3,
I =1 for the standard estimator, and [ = T% for our procedure.

present and Table 3 states the bias and RMSE when fractional cointegration is present.
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Estimator TMLW GSE

—

r d T breaks d—d d B d—d d B da-d d B d—d d B

NO -0.02 -0.03 -0.28 0.20 0.19 2.75 -0.02 -0.02 0.01 0.08 0.07 1.15
250 DIS 0.08 0.01 011 0.22 0.19 2.82 037 017 132 039 0.21 3.88
COB -0.02  0.01 -0.21 0.20 0.19 2.65 -0.02  0.18 0.00 0.08 0.22 0.32

0.2
NO  -0.01 -0.02 -0.02 009 009 127 -00l -0.01 0.00 004 004 0.17
1000 DIS 0.06 001 013 012 009 1.84 037 0.6 1.50 0.39 0.18 3.92
COB  -001 001 -003 009 009 118  -0.01 0.7 0.00 004 0.19 0.06
0

NO  -0.02 -0.04 -0.12 0.19 020 1.99  -0.02 -0.01 0.0 0.08 0.08 0.18
250 DIS 0.08 -0.01 0.05 022 019 216 0.38 0.07 058 040 0.12 3.15
COB  -0.02 -0.02 -0.13 020 020 184  -0.02 008 0.00 008 0.13 0.09

0.4
NO  -001 -002 -001 0.09 009 025  -0.01 -0.01 000 004 004 0.05
1000 DIS 0.06 -0.01 -0.02 0.2 0.09 0.59 039 005 046 040 0.08 2388
COB  -001 -0.01 000 009 009 022 -001 006 000 004 009 0.03
NO  -0.03 -0.02 -258 0.8 018 528  -0.02 -0.02 -048 0.07 0.07 2.05
250 DIS 0.12 004 -334 023 019 5095 043 018 -2.62 044 022 592
COB  -002 002 -229 0.8 0.18 4.98 0.03 0.8 -0.10 0.08 022 0.82

0.2
NO 002 -001 -090 0.09 009 289  -0.01 -001 -0.05 004 004 0.38
1000 DIS 0.10 0.02 -3.09 015 0.09 551 042 017 -411 043 0.19 6.93
COB  -001 001 -0.74 0.09 009 263 0.04 0.16 -0.03 0.6 0.19 0.10

0.5

NO 002 -003 -1.08 018 0.18 319  -0.02 -0.02 -0.03 0.08 0.07 0.17
250 DIS 011 000 -215 023 0.18 4.55 042 009 -3.09 044 0.13 5.73
COB  -001 000 -093 0.19 0.8 297 0.01 008 -0.02 007 012 0.1

0.4

NO -0.01 -0.02 -0.07 0.09 0.09 0.38 -0.01 -0.01 -0.01 0.04 0.04 0.05
1000 DIS 0.10 0.00 -0.53 0.15 0.09 1.64 0.42 0.07 -453 043 0.09 6.54
COB -0.01 -0.01 -0.06 0.09 0.09 0.43 0.02 0.06 -0.01 0.04 0.08 0.04

Table 3: Bias and RMSE of our trimmed multivariate local Whittle estimator and the standard
multivariate local Whittle estimator in a bivariate fractionally cointegrated system with cointe-
gration vector p=(1,—1)". The DGP is based on Equations (5) to (9). Break sizes are random
with mean zero and variance one, they occur with probability 5/T, and in case of joint breaks
v= (-1, 1),. Moreover, we use m = T%73, [ =1 for the standard estimator, and I = 7% for our
procedure.

In the case of no fractional cointegration, we estimate the two memory parameters d;
and dp of the two time series. Table 2 shows that in this case bias and RMSE of our
estimator are small in all scenarios and that they decrease with increasing sample size.
It is further revealed that the processes without breaks and with joint breaks typically
result in a small negative bias in small samples, while the process with distinct breaks

causes a small positive bias in small samples. Since increasing d seems to decrease the
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bias while increasing r seems to increase it, changing these two parameters can increase
or decrease the accuracy of the estimation depending on which process is considered, i.e.
whether the process comes with a slightly negative or positive bias. It needs to be noted,
however, that the absolute value of the bias itself and therefore also the changes in bias
are of such a small magnitude in all scenarios that they barely reflect in the RMSE.

If we consider the standard estimator we can see that they are upward biased in case of
low frequency contaminations. The bias is large for d = 0.2 and does not seem to vanish
asymptotically when increasing T. However, it does decrease when increasing d as again
implied by Theorem 2. The table further reveals that the variance of the standard
estimator is lower than those of our procedure since more frequencies are considered for
estimation. When increasing T the difference becomes smaller as implied by Theorem
5.

In the case of fractional cointegration we estimate the memory parameter d, the reduc-
tion of memory through the fractional cointegration relation d —d, and the cointegrating
vector B. As Table 3 shows, for the estimation of the memory parameter the same con-
clusion as for the case without a cointegration relation can be drawn. Bias and RMSE
are small even for T =250 and they decrease with increasing sample size. The influence
of the break proceﬁ\d , and r on the estimation result also stays the same. Concerning
the estimation of d —d it can be observed that the estimator works well when consid-
ering the processes without breaks or with joint breaks. For the process with distinct
breaks there is a positive bias which vanishes with increasing sample size. It should be
noted that we could further decrease this bias by increasing /. This, however, comes
at the cost of an increased variance of the estimator. Concerning the estimate of the
cointegration vector  we can see that the estimator works well in large samples, i.e.
T >1,000. Here, bias and RMSE are rather small and we only observe a meaningful bias
and variance for the distinct break process and cross-sectionally correlated errors. This,
however, vanishes if we further increase T. For T =250 and r = 0 the estimator performs
well although it exhibits some variance. The only case where substantial distortions are
present is for T'= 250 and r = 0.5 where the estimator seems to be negatively biased.
However, as mentioned before, the bias disappears for larger samples.

As in the case of no fractional cointegration the standard estimator shows a substantial
positive bias which decreases in d but not in T when low frequency contaminations are
present. The estimate of d —d is accurate in the case of joint breaks but enormously
upward biased in the case of distinct breaks. The same conclusion can also be drawn
for the estimate of B with the difference that the bias is positive in case of r =0 and
negative for r =0.5. As before it can again be observed that the variance of the standard
estimator is smaller than of our procedure resulting in smaller RMSEs when no low
frequency contaminations are present.

To summarize, the standard estimators are upward biased in the case of low frequency
contaminations. In contrast, our estimator is robust to low frequency contaminations in

the case of no fractional cointegration as well as in the case of fractional cointegration.
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The price for this robustness is an increased variance which might be problematic when
estimating B in small samples as the variance of the standard estimator is already large
in this case. When increasing T this problem disappears making our estimator well

suited for estimating the order of integration and the cointegration vector.

6 Empirical Example

To demonstrate the empirical relevance of our procedures we consider an example in-
vestigating the daily realized beta of two American stocks, namely Chevron (CVX) and
ExxonMobil (XOM), relative to the S&P500 between January 1996 and February 2017
(T =5,238). Realized betas measure the systematic risk of a stock and are defined as
the realized covariance of the stock with the market divided by the realized variance of
the stock. To construct these series we use 5-minute returns obtained from the Thomson
Reuters Tick History database. These returns are cleaned following the recommenda-
tions of Barndorff-Nielsen et al. (2009) to account for the typical high frequency data
quality issues.

To give a first graphical impression, Figure 2 plots the realized betas and the corre-
sponding autocorrelation function and periodogram for the two stocks we consider. It
can be seen that the autocorrelation function and periodogram indicate the series to be
highly persistent with significant positive correlation even after 200 lags and a pole at
the origin.

Despite such evidence for persistence, realized betas have been sparsely investigated
concerning their order of integration so far. A noteworthy study in this context is the
one by Andersen et al. (2006), who find that quarterly betas in the time period 1969 until
1999 were best described by a process with d ~ 0.2. It should be noted, however, that
due to the small number of observations their analysis is based on graphical investigation
rather than consistent and robust estimation of the memory parameter.

The two constituents of realized beta, realized variance and realized covariance, on the
other hand, have been investigated more extensively. Depending on the investigated
stock and time period, it is found that realized variances can be best described by
pure long memory processes (cf. e.g. Andersen et al. (2003) and Corsi (2009)) or
a combination of long memory process and shift process (cf. e.g. Liu and Maheu
(2007) and Choi et al. (2010)). For realized covariances, although less considered in the
literature, a similar conclusion might be drawn (cf. e.g. Bertram et al. (2013) and Asai
and McAleer (2015)).

To summarize, there is evidence that realized betas are fractionally integrated. Further-
more, since we investigate two companies who both mainly operate in the same industry,
it seems reasonable to assume that they face the same relation to the systematic risk
factor. This would imply a fractional cointegration relation between the two series. How-
ever, the series might also exhibit low frequency contaminations caused by structural

breaks in the realized volatility or the realized covariance. Therefore, estimating the
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Figure 2: Top: Daily realized betas of Chevron and ExxonMobile relative to the S&P500 from
January 1996 to February 2017. Middle: Corresponding autocorrelation functions excluding lag
zero. Bottom: Corresponding periodograms.
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A

Ty  Trre 78y 7erge MLWS GSE TMLW d

-

Chevron 021 040 0 1 384 930 180 0059 0491

ExxonMobile 0.375

Table 4: Multivariate estimation results. Try and gy correspond to the test for equality of d
and the fractional cointegration rank estimator by Robinson and Yajima (2002) and Trre and
Fgrre to our robust procedure. In analogy, GSE corresponds to the d estimate by the standard
multivariate local Whittle estimator from Shimotsu (2007) and Robinson (2008b) and TMLW to
the estimate by our trimmed estimator for which we also state the estimated reduction in memory
b and the estimated cointegration vector B. Finally, MLWS corresponds to the test statistic of
the multivariate test for spurious long memory by Sibbertsen et al. (2018). For our procedures
we employ the parameter combination used in Section 5. For the procedures by Robinson and
Yajima (2002), Shimotsu (2007) and Robinson (2008b), and Sibbertsen et al. (2018) we consider
the parameter combinations recommended by the authors.

memory of realized betas and thereby estimating the fractional cointegration relation
should be done using our robust methods.

To demonstrate this, we test whether the two series exhibit equal order of integration
and then estimate the fractional cointegration rank of the two series using the standard
procedure by Robinson and Yajima (2002) and our robust procedure. As mentioned
in Section 3, for the test we need to decide for a robust univarite estimator. Here, we
consider the estimator by Tacone (2010), the results are, however, qualitatively similar
when considering the estimators by McCloskey and Perron (2013) or Hou and Perron
(2014). We are then able to compute the multivariate local Whittle estimator by Shi-
motsu (2007) and Robinson (2008b) and our robust multivariate local Whittle estimator.
Additionally, we apply the multivariate MLWS test by Sibbertsen et al. (2018) to test
for low frequency contaminations. For our methods we use the parameter combinations
recommended in Section 5 and for the other methods we use the parameter combinations
recommended by the authors of the procedures. The results are displayed in Table 4.
For estimating the fractional cointegration rank, we first need to test whether the series
exhibit an equal order of integration. Otherwise, fractional cointegration can be excluded
right away. The table shows that both, robust and standard test statistic are clearly
below the five percent critical value of 1.96. Therefore, the null hypothesis that the
series are equally integrated cannot be rejected meaning that it is sensible to investigate
whether the two series are fractionally integrated. It can be seen that the procedure
by Robinson and Yajima (2002) indicates the cointegration rank to be zero, i.e. no
fractional cointegration while our robust procedure estimates it to be 1. Furthermore,
the multivariate MLWS by Sibbertsen et al. (2018) shows a test statistic of 3.84 which
is above the one percent critical value of 1.517 implying that the series exhibit low
frequency contaminations. These then dominate the G matrix in the lower frequencies

letting the matrix appear to have full rank which makes the standard estimator by
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Robinson and Yajima (2002) unable to detect the cointegration relation. In contrast,
our procedure trims those frequencies and is therefore robust to the contaminations.

If we then estimate the order of integration using the standard multivariate local Whittle
estimator our error is twofold. First, we have a positive bias of the estimates caused by
the low frequency contaminations. Second, we ignore the fact that the two series are
fractionally cointegrated causing a bias as well. This reflects in the estimates made by
the standard multivariate local Whittle estimator and our trimmed estimate stated in
column four and five of Table 4. While the standard procedure estimates the memory
parameters to be 0.35 respectively 0.38, our robust estimator yields a significantly lower
value of 0.18 for both series which is in line with the considerations by Andersen et al.
(2006) that realized betas have a d of approximately 0.2. The estimator further states the

reduction in memory to be 0.06 and the fractional cointegration vector to be (1, —0.49)/.

7 Conclusion

In this paper we formally define the concept of spurious fractional cointegration, an
extension to the well discussed problem of spurious long memory to the multivariate
case. We show that this phenomenon can appear in practice leading to wrong inference.
Spurious fractional cointegration is similar to spurious long memory caused by low fre-
quency contaminations of the periodogram. We therefore in a first step investigate the
behaviour of the pseudo-periodogram of a versatile class of time-varying mean processes.
To handle spurious fractional cointegration we provide a method to estimate the rank
of possible common low frequency contaminations and propose a trimmed version of the
procedure of Robinson and Yajima (2002) to robustly estimate the correct fractional
cointegration rank. Furthermore, a robust multivariate local Whittle estimator for the
order of integration and cointegrating vector is proposed which is based on a multivari-
ate extension of the trimmed univariate local Whittle estimator by Iacone (2010). In
a Monte Carlo section the satisfying finite sample behavior of the procedures are dis-
played. An application to realized betas of two American stocks shows the usefulness of
the methods.
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Appendix

Before proving Lemmas 1, 2 and 3 we need two auxiliary lemmas. For the structural-

change processes in (1) and (2) we have the following result.

Lemma 4. The discrete Fourier transform (DFT) of the process in (1) can be repre-

sented as

1 K
wu(dj) = i Y AwDr(A)),
k=1

and that of the process in (2) can be represented as

1

W,UO\’J') = _\/Q,ﬂiT

K
Y wu (D1 (Aj) =D (X)),
k=0

where Dy, (Aj) = Zt LM is a version of the Dirichlet kernel.

Note that Lemma 4 is completely algebraic and we do not impose any conditions on the

A, i, or Ti.
Proof of Lemma 4:

From (1), we have

1T K , 1 T K T ‘
wu(Aj) = po+ Y 1(t > Ti) Ay p ™' = po Y €™+ Y A Y 1(e > Ti)e™ b
K \/ZnT,ZZi{ k; 2nT ,ZZ{ k; ,;
Here,
T T T
Y 1t > T)e™' = Zel“ Y Mt =Y &M = Dr(h)) — Dy (A)).
t=1 t=T t=1 t=1
Therefore,
1 K
wu(Aj) = Tix {DT(M)MO + Y Aw [Dr(Aj) — D7, (A))] }
1
= — + Y Au| D A D7, (A
\/2%77., { Mo ; ey T ; Yeye Tk( )}
Furthermore, we have
ST+ _ ik sin(TA;/2)
Dr(\) = —— = TN 2 R ) 10
r() M1 sin(A;/2) (10)

cf. Beran et al. (2013), p. 327. Note that AT = 2nj, e/T+VA = T e and ™ = cos(2mj) +
i
isin(2mj) = cos(2n) +isin(2w) = 1. Therefore, Dr(A;) = £ ,jh elj =0, which proves the first part

of the lemma.
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Similarly, for the second part of the lemma, we have from (2) that

1 T

v2n tgl
1 T K T A
== oY ™+ Y e Y 1Ty <t < Tp)e™' 5.

wu(Aj) =

~

K
{/Jo-i- Y wl (T <1< Tk)}el}”ﬂ
k=0

=1 k=0 =1
Here,

’ T
Y 1B <t < Tp)e™' = Y (T >0)— (T > 1)} e
= =1

-1 Tt
_ Z et?»jt o Z e""_it :DTk,l(kj) *Dqu (}\‘J)

t=1 t=1

Therefore, since Dr(Aj) =0, we have

wahg) = —— ¥ e (D1 (0g) — Dy, (1)}
=0

2nT

O

Since Lemma 4 implies that the properties of the DFT and thus the properties of the
periodogram of a structural-change process are directly related to those of the Dirich-
let kernel, the following lemma provides an approximation for the Dirichlet kernel at

frequencies local to zero.

Lemma 5. We have for T, /T =& € (0,1) and j/T — 0,

1 sin(28;mj ) .
Dy (Aj) =T 1(2;]) +sin’ ()
) S, i 1
|y SO — 5 sin(2n8,)) | +0p (/T 7).

Clearly, from Lemma 5, both the real and the imaginary part of the Dirichlet kernel are
O(Tj~!) for deterministic & and O,(Tj~!) if any of the & are stochastic. Furthermore,
the order is exact. Again, this is an approximation based on a Laurent expansion that
holds irrespective of the stochastic properties of the 7.

Proof of Lemma 5:

From the second expression in (10) in the proof of Lemma 4 we can decompose the real and the

imaginary parts of the DFT at the Fourier frequencies A; =2nj/T as follows

Te=1%i/2 5in(Tih;/2)
sin(A;/2)
 [eos(T, — 1)h;/2) + sin((T — DA;/2)]sin(Tik, /2)
sin(A;/2)

DTk(}\’j) =
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It follows by the sum-to-product identities that

Th—1 Tp—1

Tj+ Tnj)fsm(—njf—n])
251n(nT])
+.COS(TleTC] T"th)—cos(T‘ lTCj—I—TTE])
i i
2sin(3)

sin(—

DTkO\' )

_ sin(20;1j — T)—i—sin(%j) . cos(%) —C05(2§knj— %)
2sin( T’) 2sin(%)

By a Laurent series approximation around A; =0, we obtain

1 8in(20;Tj . . .
Dp,(Aj)=Tj ]7(2; ])+Sln2(n]5k)+0p(]T b
.2 . 1
4|t IR (25"]) — 5 sin(2n8)) + 0p (T 1)

where the Laurent series is obtained from separate Taylor approximations for each of the trigono-

metric functions. This proves the lemma. O

We can now prove the Lemmas 1, 2 and 3.

Proof of Lemma 1:

For y, = h(t/T,T), by combining Lemma 4 with Lemma 5, we have

2

1 T
IHO‘J’) =" A A.UzDz(xj)
\/27‘CT,§{
= (2nT) T22—7'CJ+;AMSIH (mjt/T)+T ;A,u,OP(])
2
T Iy T T
sin“(mjt/T . . — .
+ TZA,u,(th/)—l/ZZA,utsm(ant/T)—kT 'Y AwOp ()
t=1 t=1 t=1

Factoring out T from the square brackets gives

2

T . . T T
Auysin(2mjt /T _ . . _ .

) S AP 2(an/ )+T 'Y Auysin®(mjt/T)+T7%) A,,,top(])]

=1 =1 t=1

2nl,(M)T ™' =

2

sin? (mjt/T L . . g .
ZA, ’/ ) _ Tt;A,utsm(Ztht/T)JrT 2y AuOp(j)

t=1

Now, using Ay, = h(t/T,T)—h((t—1)/T,T), we have

oh(t/T,T
lim Ay, T = lim M,
T—o0 T —o0 a(Z/T)
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so that

2nl, (M) T ™!

L Oh(t/)T, L On(t/T,T 1 & oh(t/T,T) ,2
~ [zmTZ tt//T sin(2rjt/T) +,Z 3((tz‘//T) )T2 mit/T)+ 73 Z att//T Or( )]
(t)T,T) sin?(mji/T) 1 & oh(t/T,T) 1 1 L oh(t/T,T) ?
[Z AT wWiT EIZZ] 2Ty T2 /T + ; a0 P9 (-

where a ~ b means that the ratio of ¢ and b converge to 1, as T — co. Here and in the following
this shorthand notation is used to improve the readability of the proof.

By the definition of a Riemann integral
2nl, (M) T ™!

~ { [2715]/1 ah(as )s1n(27tjs ds+— T /1 Oh(s )sm (TEJS)dS—i-T / Ih(s )OP(j)dS]z

L 9n(s, T) sin’(js) 1 9h(s ) Nk
+ {/0 55 .y 2T/ sm (2rjs)ds+T~ / Op(j)ds| ¢.

Clearly, both parts of this expression are dominated by the first term in the respective square
bracket, such that

L) ~ g { [ [ o ]2 n [ [ D _cosm,-s))dsr} ,

which finishes our proof. O

Proof of Lemma 2:

First, by (10) in the proof of Lemma 4 we have

in(TiA;/2)sin(T,A; /2 - i ) sin(0, T
DTkO\'j)Di (7\’/) — T=T)kj/2 sin(7j ]'/2)8111( ]/ ) _ 2617!:](&*5“)8111(8/(?]) 51n(§ j)
sin“(A;/2) 1 —cos(Aj)
By a Laurent expansion around A; = 0, we have
sin(8 1) sin(J,7))

em](ﬁk Su)
Dy, (Aj)D7, (X)) =2 1—[1—2m2(j/T)2+O((j/T)*)]

= Wemﬂﬁrsu) sin(8;7) sin(8,7j) 4+ Op(1). (11)
J

In particular, for the case when T = T, = ¢, we obtain

2

Di(A)D] (by) = 55 (1 —eos(2mj/T)) +0(1). (12)
Furthermore, we have
Ay, ift=T,
ZA,uan ZA,utDt (Aj), where Ay = H g
k=1 =1 0, otherwise.
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In addition to that,

1 T T
L) =A+B=7 = Y ) AwdusD,(A;)D5 (X))
uzh t=1s=1
1 & 5
_ZTTTZ;(AM) Di(hj)D; (M) + T;SAM,AHSD,(M)DS(M),

o(1)

d T
A= ZL,t;(A,UI)ZDIOu )D; (7)) 4753 = Z Uy ) l—cos(Z%Jt/T)) F;(A/J[)z
T T
- 4n€j2 {ZI(A”)Z - z‘T(A”f)zcos(ZTEJ'f/T)} +0p(1). (13)
T [& K
4 2 {;(Aﬂk) —I;(Ayk)zcos(anSk)} +0p(1). (14)

To deal with term B, we revert back to the original representation in which the sum is random

and write

2nT ZAuzAusDz(lj)Dﬁ (Aj) = Z A, D7, (Mj)D7 (M),

2 T k#u

where k,l =1,...,K. Similar to the approach above, we have from (11)

n3ﬂ Y AuAu,e™ 0 sin(87j) sin(8,7) + ZrTT Y AuAu,Op(1) (15)

2 k#u k#u

The first part of the lemma i.) follows immediately from (14) and (15).

For the second part of the lemma, from Assumption A4 we have E[K] = E[p,;T] = pT'~* and,
from (13) and (14)

E[A] = 4753 . {

4753 zE

K
Z Ay)?

— E[A] i cos(27tjt/T)} +0(1)

t=1

K
Y (Aw)?

k=1

since Y1, cos(2mjit/T) =
Now, from Assumption A3 we have E[(Au)?] = GiT‘B7 so that by the generalized Wald identity
of Brown (1974) and Assumption A4

p~62 T27[X7[3

EIKIE( ) = P2 o).

4m3 j2

E[A] =

Similarly, from (15)

Y AuAue™ 3 sin (8 j) sin(8,7)
k#u

o(1)
+—E | Y AwAuy
2nT L#

Bl= —E
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and by the generalized Wald identity of Brown (1974) in conjunction with Assumption A5

T Bt s e n 1] L O(1
E[B] = 5 5E ZE[AykAyM]E[ew@k 8“)sm(8kn])51n(5un])] +#E Y E[AwmAwm)| .
©J k#u T k#u
Therefore,
T (8e—84) o N . o(1)
E[B)| < 555E Z\E[A,ukA,uuH‘E [e z sm(Skn])sm(Sthj)” + |5 E | L E B
©J k#u T k#u
< B Y Enman |+ 2 | Y B Amau)
—om3 2 = kS u mT |2, Kull

Assumption A5 combined with Assumptions A3 and A4 implies that

K k-1
E Y Eldmdm]l| =2E | Y Y |E[AmAum—]|| < 2E [K]Var(Aw)C = 2pCorT' %P,
k#u k=21=1
S 2~
so that |E[B]| < %Tz’o"ﬁ—f— ’O(T*O‘*B)‘ ) 0

Proof of Lemma 3:

From wy(A;) = *\/%Zf:o.uk[DTk—l (Aj) =Dz, ()], as shown in Lemma 4, we have

L(A)=A+B (16)

Denoting (T; —1)/T = &, we have from (11) for the term in square brackets in A

dx =[Dr—1(Aj)Dg, 1 (Aj) = D—1(Aj)Dy,_ (Aj) — D, (Aj)D3_1(Aj) + Dr_, (Aj)D_ (A)]
T2

2 [Sinz(sknj) +sin®(§_ 7)) — oG8

) sin(Sthj) sin(8g—17j)

— o™i (B1-8) sin(&;7t) sin(Sk,lnj)} +0p(1)
T2

=zall=3 [cos(zskn 7) +cos(28_ j)} —2sin(§emj) sin(Sx_17) cos (1 (8 — 8_1))] + Op(1),

from Euler’s formula. As in the proof of Lemma 1, the notation a ~ b is used as a shorthand for

limr_a/b=1. By the sum-to-product identity for the cosine, it follows

2
G — nf—]z {1 _ % [2c0s(j(8+8;-1)) cos (8 — 8i1)]
—2sin(8umj) sin(8x_17) cos(mi(§ — sk_l))} +0p(1)
T2

== [1 —cos(mj (8 — 8_1)) [cos(nj(sk +8_1)) + 2sin(§em)) sin(é')k_lnj)H +op(1).
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Now, by the product-to-sum identity of the sine

T? s <
=15 [1 —cos(mj (8 — 8_1)) [cos(n](5k+8k,1))

+cos(mj(8, — 8 1)) —cos(nj(8k+5k_1))” +0p(1)

= ,;jz {1 _Cosz(nj(sk_skfl))} +0p(1).

Therefore, we have

.1 X (K+1)0p(1)
A:ﬁ];)/«lkak ]2 kz(')'uk — cos” (1 (8 — 8 1))]+T (17)
For o < 1, by a Taylor expansion of the squared cosine at zero
a—T—Z{l—{l—“S—a 4O((5 — 8 Op(1
k= mn 72 (8 = 81)? + 1 O((8e = 8-1)*) | | + 0 (1)
=72 [(Skfsk,,) — 12 20((8 — 8_1) )] +0p(1).
Therefore, we obtain
A:LZM%{TZ {(51(—81{ )2-n ]20((5k—5k 1) )} +0P(1)}
2T &
flf{ 2(8 -8 )2}7 Tﬂ:] ((S =5 )4)+0P(1) f 2 (18)
~ o P My (O — Ok—1 1 kzo:uk k — Ok—1 T k:OHk-

By applying the Wald identity for dependent random sums of Brown (1974) and then using
Assumption A5, we obtain

) T ~ T2 ~ o(1
E[A}—E[K+1]E[u%]{2E[(5k—5k1)2}— / E[O((Sk_sk')4)]+27(rT)}
2
_ (ﬁT] o {T D 2 (o—1) Tz] 0(T4(a]))+0(T1)}
_ GiDTa B GAPTE] O(T—2+3OL B)+G pO(T—OC B)
np 2
GiD —1+2(X—[5 2 —'5+4(X,—B _I_B
+ACT —mj2O0(T™ )+O(T™7F). 19)

Tp
For B, we have from (11),

T

B= T Y kst [ i (8c=3u) sin (87 ) sin(8, 1) — ™ &1 gin(§ 1) sin(8,_ /)

J” ku
— ™ 1780 6in(§_ 1) sin(8,7)) + ™ O171) sin(§_ /) sin(8,_ 7))

Z HicHyy - (20)
k#u

. Op(
275T

Denote the term in the square bracket by b, and let b; denote the first two summands and b,
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the last two summands, so that b = by +b,. We have

by = sin(&7j) | ™ (&3 sin(8,mj) — ™ du-1) gin(§,_ 7 j)}
= sin(&mj) [cos(m (O — b,)) sin(§,7j) — cos(mj (& — Sy—1)) sin(Sy—17))
+i{sin(mj(d — dy)) sin(w;d,) — sin(mwj (& — &y—1)) sin(mjd,—1)}].

Now, let v, =8, — 8,_1. Then, by a Taylor approximation at v, =0

by = mjy, sin(87j)e™ &%) 1 0p(2).
Similarly, we have for the third and fourth term in the square bracket

by = —sin(8_ ;7)) [emf@k*ﬁu) sin(8, 1) — €™ 181 sin (8, j)} 7

and by a Taylor approximation at vy, =0,

by = — 0y sin(8 7)™ 1720 4 Op(y7).
Therefore, we have

b=y, [sin(8j)e™ 280 _in(8,_ix j)em/@k*m)] .
Defining Y, = 0; — 8;_1, and approximating at ¥, = 0, we obtain

so that
T Op(1)
B — |: 2imj Sk 514 0 j|
2752]2;,1#1(#“ ™ /Y Yee )+ 0p(V) +0p(V) | + T k%ukuu
i j(Or — T Op(1
=5 ZﬂkﬂuYquez /(O] 4 272 Z/«lklinP(Yz) + 557 L et Op(%) + 9e(l) Y . (21)
2 7 2l 2l T =,

Similar to the proof of Theorem 2, we have from the Wald identity of Brown (1974) and As-
sumption A5

E[g] :El +E2 —|—E3

= gE lZE [t E [vuvke”“f@k—ﬁu)}
k£l

oner [ZEm 0r(R)]| +

kAl

zEm] |

k#u

For the first term

|E[B)]| <

N

E | Y |E [t | |E [vuve] ] =TE 22 |E luitti—] | |E [V r]l]

=

<TE

£l b
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Therefore, by Assumptions A4 and A5

K
E[B1]| <TE |} |E [v] |Var(,uk)C~‘] = TE[K|E ;] Var(u)C
k=1
- 2€§GiT“_B+C[O(T2°‘ =By o(1 ) + O(T% B~ 1)] (22)

Similarly, for the second term

|E[By]| < %E

é g |E [ttt E [0p(77)] w

2T |5 t 20631 p [ &
S aak Y E[0p(R)] Y |E (]| | < aal E Y or(%)
‘] k=1 =1 J k=1
_ 2Coip 2—a—p 2(a-1) w]  2Co3p B B
=2p !l oY) ro(re )| = = 7 o(r*P)+o(T7P)]. (23)

The term Bj is of order O(T~%B) by the same arguments as in the proof of Lemma 2. Conse-
quently, parts i.) and ii.) of the Lemma follow directly from Equations (17) and (20). Similarly,
part iii.) is the direct consequence of Equation (19) and Equations (22) and (23). O

Proof of Theorem 1:

From Lemma 1 to 3, we have I,(A;) ~ Tj~?k under Assumption A2, I,(A;) ~ Tj~2k under As-
sumption Al, and I,(A;) ~ Tj~2xpr under Assumption A3 with B =0, where k, k and kpr are
two finite constants and a random variable with finite variance, respectively. E[I,(A;)] = Gy].%

therefore follows immediately.
To prove that the rank of G, is reduced if and only if 4, has common low frequency contamina-
tions, we first show that co-shifting according to Definition 1 implies a reduced rank of G,, and

then we show that G, has full rank, if 1 is not co-shifting.

For the first part, note that 'y =0 < g = Op/Oaptpr. Let pp = @, then

R (2 N (V00 B RPN
Mpr 1 0 1 oy
Therefore,
0 ¥ 0 0 0 p
£y = 0n/9 0n/9
0 1 0 fo(A)) 0 1

2
— fw(kj) ((])b/q)ll) (I)b/q)u
q)b/q)a 1

so that det (fu(A;)) = (05/0a)? — ($p/0a)* = 0.
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For the second part, let @'y, = ¢,, where 3 ¢; # 0, then ®'u, = ¢; < g = 0, '¢; — O /Opitpr, S0 that

for up = o

_(um)_(q»;l %/%)(q )
M = =
Hpt 0 1 0y

Then, denoting @& = (¢;, @), we have

-1 —1
0 1 _¢h/¢a 1

<¢a2fcw( i) = 0p0g 2 foc (M) — 0p0,2 feo(Aj) + 0205 2 foo(M)2 04" few (M) — 0605 foow (X))

¢a1fmc( ) ¢a¢b fww( ) fww(xj)
so that det [fy, ()] = 05 (foe(A}) oo (A}) = feo(Aj) fuc(A;)) # 0.

To prove Theorem 2 we need the following Lemma.

Lemma 6. Fore> —1

e+1

. ml e
mlllgoo Z .] €+ 1 +0(m1)a

where { is the Riemann zeta function.
Proof of Lemma 6:

From the extension of the Faulhaber formula derived by McGown and Parks (2007)

lim_|(e+1) ffmeFe(ml) = (e+1)5(—e)
1 j=1

lim (e+1) Z] = (e+1){(—e) +mF,(m))

m1—>°o j—l

« m!F,(my)
li e _r(_ 1fe
mlfio];] SOt e

where

le]+1
F.(m j+2+ Z <e+l)BkmlLej+2k

:mw +O(m%J >,

the constants By are the Bernoulli numbers, and Y= —(|e])+1—e=e—|e] — 1, so that
- m(if[ejfl (m\l_ej+2+0 (m%eJJrl))
i e _pi_

e+1+0(m1)
e+1

() +
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Proof of Theorem 2:

To prove the theorem we show that the difference of Gy(d,l,m;) and Gy(d,1,m;) vanishes in
probability. Let therefore A(d) = ||G,(d,l,m;) — Gy(d,1,my)|, then

A(d) = || (m —1+1) 121\ LA )N IZA Ai(d)+Z+R|,
J=l
where Z = (m; —[1+1) Zml Aj(@) Ly (M)NH(d) + (my — 1+ 1)~ ZmilA (d)Iux(Aj)A%(d) and R =
(=D (m(m —1+1))" Z;":‘ Aj(d)I( J)Aj( ). Furthermore, define v— = (d, —dg) (dp —dY),
V= (dy—d) + (dy — d9), and L,(h;) = ;%

A e™da—dy)/2 , where y; is a random matrix with
E[y;] =1 and Var[y,] < . Similarly, ] (k )= Kjk 2T’]7 where E[K;] < eo and Var[k;] < co. Then

in(da—d;,)/z dotdy—2 eV /2 1-1 -
A(d):HmZk” T Zk XitZ+R|
Jj=
(27.c)da+db72em(da7db)/2 mo B (Zn)v+enw /2 1=
= 2 — 7V+ZJ Xj+Z+R|.

(my — 1+ 1) Tdatdy 1 = m T
Due to the independence of x; and y,, Z 50 as T — oo, Obviously, R 20 for T — o holds as
well. For [ =1, the second sum is empty and for the first sum it holds with A = ||(m; —1+
1)~ damdptl Z;":ll jdatd=2x;|| and d, +dp > 1 from Lemma 6

da+dp—2
(" )

For d, +dj, < 1, we have by definition of the Riemann {-function

~ max %11 8(—da —dp+2)
= my Tatdy—1 )

which is op(1), for &,, > 1—d, —d.
For the second part of the theorem, we have ): ;=2 <y 19atdb =2 Therefore, with d, +d), <
1,

m lda +dp—2

— do+dp—2p—(dg+dp—1)\ _
= (my — 1+ 1)Tdatdp=1 (=T (e ))_OP(I)’

for 8, > & and [ = T(tds=1)/[datds=2)40  Pyrthermore, let B = |jmy ' TV ZZ L %, then

max ;< || %] o max <7 ||| +41
B< —~ AT Vi = IS MR oY) = op(1 ,
) oo = on(1)

for | = 0(T<V++8ml>/(v++l)). O

Proof of Theorem 3:

The proof directly follows from a Taylor expansion of the matrix Gy(d(m),l,m;) at d° and is
omitted here.

Proof of Theorem 4:

- 38 -



The proof follows ideas in Robinson (2008b). For any ¢ > 0 define neighbourhoods Ng(c) =
B:I1B- [30| <] and Ny(c) = {d : ||d — d°|| < c]. Furthermore, fix € >0 and define N(g) =
Ny(e™'(2)"INu(e), N(e) = O\N(e), and & = d; — d°.

We split the parameter space into two. For a constant 0 < C < l define ®,, ={d €0, :{, >
~14 g, > -1+ and Oy = ©,\Oy,. Since P(B € N(g)) < P(mf J{R(8) —R(6°)] < 0), the

consistency of ® follows if we show

P inf  {R(O®)-RO")}<0| =0 as T —oc and (24)
(©)N{OpxOyq}

Pl inf  {RO)-RO}<0)| =50 as T —oo (25)
N(S)ﬂ{@ﬁX@db}

First we show (24). Rewrite R(0) — R(8°) as

R(8) — R(6°) = log det Q"f(e)fz"i(eo)*l] ~2(Ca+L)— z+ 1 Zlogk,,

with Q71(0) = -1+ ¥ Re[A;(d)BII(\)B A;(d)"] instead of $(8) in Robinson (2008b).
[

Define a vector type II I(dg,d}?) process as

L= Sar) — gO = (I_L)id'? Ya 1 >1) B — 1 —BO
2’; (gbl) »<i ((I_L)—dg Vir 1021) ’ 0 1

Define further analogously to Robinson (2008b)

Hj = (hiyios) = A ()] (A) j(do)* and

A(1) (1) S(1) e 2
G\Y(d) = (gklkz)’ where g, 1 = l+1 Z hi,k,j and
S(1) _ A1) L SN it —i(m—1))(Gp—La) /2
W=t = L) (T G ),
=

Similar to Robinson (2008b) we obtain R(6) — R(6°) = Uy(d) + Up(8) with

U(d) = logdet [Y(d)é“)(d)Y(d)c";W(dO)‘l} +®y(d, 1)+ u(d)+Py(d,l) and

U(6) = logdet [fzf“'*(e)éﬂ><d)—1] — Dy (d, 1)+ Dp(d, ).
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Here,

Y(&) = diag (28,41, 025 +1)')
Qtri* (9) = E(G)Qtrl(e)z(e)’

E(0) = diag (k’;Ca’}%Cb) ’

®(d,l) =log {(1_ 1)2([2§a+1)71(12cb+1),1i| 7

Oy (d, 1) =2(Lu+¢)(I—1)"1logl, and

u(d) = Z lZC,-log(ZCH— 1)+2¢; (logm— m%l—i-l ilogj— 1)1 .
j=1

i=a,b

The functions ®,(d,!) and ®,(d,!) control effects of taking summations from / by application
of the Euler-McLaurin formula as in Lemma 2(a) of Shimotsu (2010). In contrast to Robinson
(2008b) all matrices here are defined by the trimmed periodogram and we do not have the
parameter .

Now, (24) follows if we show that, as T — oo

P ( _inf  Uy(d) go) 0 and (26)
N(S)I"I@da

P inf  Up(d) <0) —0. (27)
Np(2(L))x@y,

The proof of (26) is similar to Robinson (2008b). Define the population analogue of g,ﬁi,{z as

1 1l
gl(qllz = Wk, 7/] xzc"kldx

and
1 1
8 = 8o = Ows; /l xS dxcost,
where
T
T= (gb - Ca) E
Then (26) holds if
sup [ Y(@)[6) (@) ~ G @)@ | %o, (28)
da
1 —1
sup ] [r(d)d >(d)r(d)} H < oo, (29)
G)da
inf  [logdet [7(d)GV(@)Y(@)G (@) ] +@u(0.0)] 20, and (30)

Ny (S)ﬁ@da
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lim  inf [u(d) —Pp(d,l)] > 0. (31)
TNy (e)N®y,

These conditions correspond to (7.5) - (7.8) in Robinson (2008b).
The proof of (28) follows from observing that

== flR (A (B (hg) + 1 (hg) + 15 (hg) + 17 (1)) B' A ()]

1 ¢ tri / *
s Lrelas@my o8 ]

Now,

—l+1 Z:: e [Aj(d)BL" (A;)B'Aj(d)"]

In addition to this we have because ||Iu(A;)||* = L(Aj) (X))

HTH 3" Re A, (@B BN )]

—l+1 ZHRe )BIZ (\j)B'A;(d)"] ]
Sm%l—kl ]Z:l (Re [A;j(d)BI (\;)B'Aj(d)*] )%

- (Re [Aj(d)BLT (A)B'A(d)])?

( T Zr:" BI”’x)B’Aj(d)*]>

Op(1)

' (_IZH Y Re[A, d)BI"’(M)B’Aj(d)*D

Op(1)

1
2

1
2

Applying now the same arguments as in the proof of (17) in Shimotsu (2012) gives (28).

Also the proof of (29), (30) and (31) is equal to Shimotsu (2012) proving his Equations (18),
(19) and (20).

We proceed to show (27). Deﬁne g,(f)k bimilarly to Robinson (2008b) but using m%lﬂzzfl:l and
setting T=({, —(,)5 and y* = . Let further

6 (g£i>g,£},)—2giz>g§i>/det(é“><d)), and

o= (82 — (85)")/ a6 (@)

Q)
||
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Define g,(jl)kz, the population counterpart of g,ﬂ’?kz, analogously to g,g;(z: for example,

1 1
63 = = Lnacosy [ 4%, ana
@ _ 1 b o (dy—dd
% jwbb/ xPda=dy) gy
i

where Y= (d, —da)5.
Using summation by parts and Lemma 1(b) of Shimotsu (2012), we obtain

i N p
sup |2y, — 8| 20
Oy

fori=1,2,3, kj,ko =a,b as T — .

Rewrite Ug(d) =10g Q(b(B)) — Pa(d, 1)+ Py (d, 1), where Q(s) = 1+ s+dss* and b, (B) = x;VO (B —
B). Define

o, = (gc(li)gl()z) — 2g£};)g£i)/det(G(l)(d)) and

o = (sha'gyy) — (s13)")/ det(GV(a) ).

Following Robinson (2008b), the probability in (27) is bounded by, with p = supg, |Pu(d,l) —

q)b(dal)|<°°7
P|log|1— sup‘ |+1f| b| <p|+P|sup |6ia| >l
o, € 64 0, 2|0~ €

2 1
< 2P | sup|8, —ag| + = sup |Gy — oy | +€p > —infoy, —sup o] |,
0 € € 9, 0,

d d

which has an additional term €p compared to (7.13) in Robinson (2008b). (27) follows now
exactly as in Shimotsu (2012).

It remains to show (25). Write

where
U (d) =log det (d)é<'>(d)3(d)é<1>(do)*'}
ACH), e b
and
U; (0) = log det[Q"*(8)G') (d) "] = Up(8) + Pa(d, 1) — Dp(d, 1).
Then

P inf Ui (8)<0) =0
—1y¢ T O B
Ng(e™h)(5)¥") x0q

m
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follows from the proof of (27), so it suffices to show

P <infU5(d) < 0) -0

Oup

Rewrite Uj(d) as

U’ (d) = logdet D(d) — logdet D(d°),

where
-\ 28a -\ Gatg . (€p—Ca)
EEY B O I O il G
Dd)=——
m—1+1 ]Z:l (é) CatCp Re (ei(n—kj) (Cbzga)habj> (é)ng /’lbbj
and

1 m
= _— 1 j
q eXP<mH1]ZIOgJ>

Define K(d) as D(d) but hy,y,; is replaced with @y, .

Now,

sup|D(d) — K (d)| 5 0

Oy
follows from Lemma 1 of Shimotsu (2010) and the proof of Theorem 1 of Shimotsu (2007).
Furthermore, it follows from Shimotsu (2007) and Shimotsu (2012) that there exists an € € (0,0.1)

and [ < m such that

infdetK(d) > (1+¢)detG®+o(1).

Bgp
Therefore,
detD(d) > (1+¢)detG® +o(1).
Since
det D(d°) = det GV (d°) = det Q° + op(1)
from (28), we establish (25). O

Proof of Theorem 5:
6 has now the stated limiting distribution if for any 6 such that 6 —6° = Op(m~1/2),

-1 dR(OO) |
de 9

Vm(Ar)

and
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d’R(8)

5 A B E
deqg A1)

(A7)~
For the score vector approximation denote by s;(0) the k-th element of %ﬁf) and by E;; the
matrix of zeros where the ij-th element has been replaced by a one. Following exactly the lines
of Robinson (2008b), Theorem 4 we have that

51(8°) = — 1+ : Zx E1 Re[Aj(d®)B I (\;)BY A;(d°)*]e™h—da)/2
+Re[A j(dO)BOIL”(M) Aj(d)|Ezye” ™02 G(a0) !
1 mo o0 0 . , )
— _trm_l+l Z}L‘jb dg (ElzRe[Aj(dO)BOI;”(kj)BO Aj(dO)*]gm(dbfd‘,)/Z
=

+Re[A;(d®)BYL (0))BY A j(d°) " Exye ™ —da)/2)G(a%) 7! 1 op(1),

52(8) = [ —l+12 Aj(d®)B°L" (A;)BY A;(d°)*)Exy
j=l

—EzzRe[Aj<d°>B°1;"'<>~,->B°’A,»<d°>*]>é<d°>1]

: 1 e 0\ R0 ytri 0’ 0 *
= W[M;(Re[/\j(d )BL (Aj)B” Aj(d”) | Ex

BRI B )8 A (@) D) | +onl)

1 m
0
= — ) (1 1
s20i®) = troy Ylloehy— o Zogx

(EeRe[A;(d")B°L (1;)B” j<d°> + Re[A;(d*)B°L () BY A;(d°) " Ew) G (d”) !

]
m l m
- —z+1Z logh = T L loeh)

j=l j=l
(EuRelA (") BOL () BY A ()] + RelA () BL (0B A () 1B ) (),

for k= 1,2 and by the same arguments as in the consistency proof. The score vector approxi-
mation follows now directly as in Robinson (2008b).

The Hessian approximation is also similar to the arguments in Robinson (2008b) and therefore
omitted here. O
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